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1. Introduction
Let Ens denote the n-dimensional pseudo-Euclidean space with the canonical pseudo-Euclidean metric of signature
(s,n − s) given by
g0 = −
s∑
i=1
dx2i +
n∑
j=s+1
dx2j ,
where (x1, . . . , xn) is the rectangular coordinate system of Ens . We put
Sks
(
r2
)= {x ∈ Ek+1s : 〈x, x〉 = r−2 > 0},
Hks
(−r2)= {x ∈ Ek+1s+1: 〈x, x〉 = −r−2 < 0},
where 〈 , 〉 is the indeﬁnite inner product associated to g0. The spaces Sks (r2) and Hks (−r2) are complete pseudo-Riemannian
manifolds with index s and of constant curvature r2 and −r2, respectively, which are called pseudo-Riemannian m-sphere
and the pseudo-hyperbolic m-space, respectively. In general relativity, the Lorentzian manifolds E41, S
4
1(r
2) and H41(−r2) are
known as the Minkowski, de Sitter and anti-de Sitter space–times, respectively.
A vector v is called spacelike (resp. timelike) if 〈v, v〉 > 0 (resp. 〈v, v〉 < 0). A nonzero vector v is called lightlike if it
satisﬁes 〈v, v〉 = 0. A curve z : I → Ens deﬁned on an open interval I ⊂ R is called null if its velocity vector z′(x) is lightlike
for each x ∈ I and called unit speed if its velocity vector z′(x) satisﬁes that |〈z′(x), z′(x)〉| = 1 for each x ∈ I .
The concept of trapped surface, introduced by Penrose in [19] plays a very important role in general relativity. The
surface of a black hole is located by the marginally trapped surface (cf. [17,19]). In terms of the mean curvature vector ﬁeld,
a surface in a semi-Riemannian manifold is called marginally trapped if its mean curvature vector ﬁeld is lightlike at each
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from a mathematical viewpoint.
Submanifolds with parallel mean curvature vector play important roles in general relativity, the theory of harmonic
maps, as well as in differential geometry. Surfaces with parallel mean curvature vector in Riemannian space forms have
been classiﬁed in the early 1970’s by Chen and Yau [1,2,20]. Chen and Van der Veken [11] classiﬁed marginally trapped
spatial surfaces with parallel mean curvature vector in four-dimensional Lorentzian space forms. Later on, they gave a
complete classiﬁcation of surfaces with parallel mean curvature vector in four-dimensional Lorentzian space forms in [12].
Very recently, spatial surfaces with parallel mean curvature vector in pseudo-Riemannian space forms of arbitrary dimension
have been completely classiﬁed by Chen [7,8].
Consequently, the problem to classify Lorentzian surfaces with parallel mean curvature vector in pseudo-Riemannian
space forms becomes interesting and important. Lorentzian surfaces with parallel mean curvature vector in E41 and E
4
2
have been classiﬁed in [9,12,15]. In this article, we extend this to pseudo-Euclidean spaces with arbitrary dimension and
index. Our main results state that there are seventeen types of Lorentzian surfaces with parallel mean curvature vector.
Some auxiliary results developed by Chen in [5–7] are very useful. For example, using isothermal coordinates given by Chen
in [6], we show that every Lorentzian minimal surface can be characterized by a translation surface.
2. Preliminaries
2.1. Basic notation, formulas and deﬁnitions
Let L : M → Ens be an isometric immersion of a Lorentzian surface M into Ens . Denote the Levi-Civita connections of M
and Ens by ∇ and ∇¯ , respectively. Let X and Y denote vector ﬁelds tangent to M and let ξ be a normal vector ﬁeld. Then
the Gauss and Weingarten formulas are given, respectively, by (cf. [1,3,18])
∇˜X Y = ∇X Y + h(X, Y ), (2.1)
∇˜Xξ = −Aξ X + DXY , (2.2)
where h, A and D are the second fundamental form, the shape operator and the normal connection. It is well known that
the second fundamental form h and the shape operator A are related by
〈
h(X, Y ), ξ
〉= 〈Aξ X, Y 〉. (2.3)
The mean curvature H is given by
H = 1
2
traceh. (2.4)
The Gauss and Codazzi equations are given respectively by
〈
R(X, Y )Z ,W
〉= 〈h(Y , Z),h(X,W )〉− 〈h(X, Z),h(Y ,W )〉,
(∇¯Xh)(Y , Z) = (∇¯Y h)(X, Z),
where R is the curvature tensor and ∇¯h is deﬁned by
(∇¯Xh)(Y , Z) = DXh(Y , Z) − h(∇X Y , Z) − h(Y ,∇X Z). (2.5)
Denote by RD the curvature tensor associated with the normal connection D , i.e., RD(X, Y ) = DX DY − DY DX − D[X,Y ] , then
Ricci equation is given by
〈
RD(X, Y )ξ,η
〉= 〈[Aξ , Aη]X, Y 〉,
for X , Y tangent to M and ξ , η normal to M .
Let  be the Laplacian operator of a Lorentzian surface M . For an isometric immersion x : M → Ens , the mean curvature
vector H in Ens satisﬁes (see, for instance [3,10])
x = −2H .
The submanifold M is said to have parallel mean curvature vector if the mean curvature vector of M satisﬁes DH = 0
identically. A surface in a pseudo-Riemannian 3-manifold (or a light cone) is called a CMC surface if its mean curvature
vector H satisﬁes 〈H, H〉 = constant 
= 0.
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Let M be a Lorentzian surface in Ens . Let {e1, e2} be a local tangent frame such that
〈e1, e1〉 = −1, 〈e1, e2〉 = 0, 〈e2, e2〉 = 1. (2.6)
If we put
∇Xe1 = ω11(X)e1 +ω21(X)e2, ∇Xe2 = ω12(X)e1 +ω22(X)e2,
then we obtain from (2.6) that ω21 = ω12 and ω11 = ω22 = 0. Thus, if we put ω = ω12, then we get
∇Xe1 = ω(X)e2, ∇Xe2 = ω(X)e1. (2.7)
2.3. Light cones and Rpi,j
The light cone LCn−1s in Ens (1 s < n) is deﬁned by
LCn−1s =
{
x ∈ Ens : 〈x, x〉 = 0
}
.
The light cone LCn−1s ⊂ Ens can be naturally embedded in Sns (1) via
ι : LCn−1s ⊂ Ens → Sns (1) ⊂ En+1s : y → (y,1) ∈ En+1s . (2.8)
The light cone LCn−1s ⊂ Ens can be naturally embedded in Hns (−1) via
ι : LCn−1s ⊂ Ens → Hns (−1) ⊂ En+1s+1 : y → (1, y) ∈ En+1s+1 . (2.9)
Let Rpi,j denote the aﬃne p-space such that the canonical form of the metric is( O j
−Ii
I p−i− j
)
,
where Ik is the k × k identity matrix and O j the j × j zero matrix. The metric is nondegenerate if and only if j = 0. The j
in Rpi,j measures the degenerate part.
Put
Kns,a =
{
(t, y, t + a) ∈ En+1s : y ∈ En−1s−1
}
,
with the pseudo-Euclidean metric on Ens given by g0 = −
∑s
j=1 dx2j +
∑n+1
k=s+1 dx2k .
There exists a canonical imbedding: ι : Rni,1 → Kns,0 ∈ En+1i+1 deﬁned by
ι
(
(t, y)
)= (t, y, t) ∈ Kns,0 ⊂ En+1i+1 , (t, y) ∈ Rni,1. (2.10)
2.4. Some auxiliary lemmas and Reduction Theorem
We recall two key lemmas from [6,12] for later use.
Lemma 2.1. (See [6].) There exist local coordinates (x, y) on M21 , such that the metric of the surface is given by
g = −m2(x, y)(dx⊗ dy + dy ⊗ dx) (2.11)
for some positive function m(x, y). The Levi-Civita connection of the surface is then given by
∇∂x∂x =
2mx
m
∂x, ∇∂x∂y = 0, ∇∂y∂y =
2my
m
∂y, (2.12)
and its Gaussian curvature is
K = 2(mmxy −mxmy)
m4
.
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inner product 〈 , 〉 on V . Then there exists a basis {e1, e2} of V with 〈e1, e1〉 = −1, 〈e1, e2〉 = 0 and 〈e2, e2〉 = 1 such that, with respect
to {e1, e2}, A takes one of the following forms:
A =
(
α 0
0 β
)
, (2.13)
A =
(
α β
−β α
)
, β 
= 0, (2.14)
A =
(
α 1
−1 α + 2
)
or A =
(
α 1
−1 α − 2
)
. (2.15)
Lemma 2.3. Let M be a Lorentzian surface with parallel mean curvature vector in a pseudo-Euclidean space Ens . Then we have
(i) 〈H, H〉 is constant, and
(ii) [AH , Aξ ] = 0 for any normal vector ﬁeld ξ .
Proof. This is a direct consequence of Ricci equation. 
Lemma 2.4. Let xˆ : M → R4i,1 ⊂ E5i+1 (i = 1 or 2) be an isometric immersion of a Lorentzian surface into R4i,1 ⊂ E5i+1 via (2.10). Then
M has parallel mean curvature vector in E5i+1 if and only if M is congruent to ( f ,ψ, f ), where f is a function on M satisfying  f = k
for some real number k and ψ : M → E3i is a surface with parallel mean curvature vector.
Proof. Since the proof is similar to the proof of Lemma 3.3 in [7], here we omit it. 
We have the following result of Erbarcher and Magid [16].
Reduction Theorem. Let ψ : Mmi → Ens be an isometric immersion of a pseudo-Riemannian n-manifold Mmi into Ens . If the ﬁrst
normal spaces are parallel, then there exists a complete (m + k)-dimensional totally geodesic submanifold E∗ such that ψ(M) ⊂ E∗ ,
where k is the dimension of the ﬁrst normal spaces.
In this Reduction Theorem, E∗ = Rm+ks,t for some s, t and t need not be zero.
3. Lorentzian minimal surfaces
In this section, we give a classiﬁcation of Lorentzian minimal surfaces in Ens .
Theorem 3.1. Every Lorentzian minimal surface in Ens is locally congruent to a translation surface deﬁned by
L(x, y) = α(x) + β(y),
where α(x) and β(y) are two null curves deﬁned on open intervals I1 and I2 respectively in the pseudo-Euclidean space Ens and satisfy〈α′(x), β ′(y)〉 
= 0.
Proof. Let M be a Lorentzian minimal surface in Ens . We may choose a local Lorentzian metric (2.11). Then the Levi-Civita
connection is given by (2.12).
If we put
e1 = 1
m
∂
∂x
, e2 = 1
m
∂
∂ y
, (3.1)
then {e1, e2} is a pseudo-orthonormal tangent frame satisfying 〈ei, e j〉 = δi j − 1 for i, j = 1,2. Let {e3, . . . , en} be a normal
frame and the second fundamental form is given by
h(ei, e j) =
m∑
r=3
hri jer, i, j = 1,2. (3.2)
Since M is Lorentzian and minimal, it follows from (2.4), (3.1) and (3.2) that
h(e1, e1) = h311e3 + h411e4 + · · · + hn11en, (3.3)
h(e1, e2) = 0, (3.4)
h(e2, e2) = h3 e3 + h4 e4 + · · · + hn en. (3.5)22 22 22
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Lxx = 2mx
m
Lx +m2
(
n∑
i=3
hi11ei
)
,
Lxy = 0,
L yy = 2my
m
Ly +m2
(
n∑
j=3
h j22e j
)
. (3.6)
Solving the second equation of (3.6) gives
L(x, y) = α(x) + β(y) (3.7)
for some space curves α(x) and β(y) in Ens . It follows from (2.11) and (3.7) that〈
α′(x),α′(x)
〉= 〈β ′(y),β ′(y)〉= 0, 〈α′(x),β ′(y)〉= −m2(x, y), (3.8)
which means that α(x), β(y) are null curves satisfying 〈α′(x), β ′(y)〉 
= 0.
Conversely, the sum of two null curves α(x) and β(y) in Ens , which satisfy 〈α′(x), β ′(y)〉 
= 0, describes all the Lorentzian
minimal surfaces in Ens . 
Remark 3.2. Using isothermal coordinates, Chen [5] classiﬁed all Lorentzian minimal surfaces in C21, which can be charac-
terized by the family of translation surfaces described in Theorem 3.1.
4. Lorentzian surfaces with DH = 0 inE4s and in LC
We recall the following result from [12].
Theorem 4.1. Let M be a Lorentzian surface with parallel mean curvature vector in E41 . Then M is congruent to one of the following
three types of surfaces:
(1) a minimal surface of E41;
(2) a CMC surface of a totally geodesic Minkowski 3-space E31 ⊂ E41;
(3) a CMC surface of a de Sitter 3-space S31(r
2) ⊂ E41 , r > 0.
Similarly, we may prove
Theorem 4.2. Let M be a Lorentzian surface with parallel mean curvature vector in E43 . Then M is congruent to one of the following
three types of surfaces:
(1) a minimal surface of E43;
(2) a CMC surface of a totally geodesic 3-space E32 ⊂ E43;
(3) a CMC surface of a hyperbolic 3-space H32(−r2) ⊂ E43 , r > 0.
In [15], Hou and Yang proved the following classiﬁcation theorems:
Theorem 4.3. Let L : M → Ens be a Lorentzian surface with parallel mean curvature vector in E42 . Then L is congruent to a surface of
the following 22 families.
(1) A minimal Lorentzian surface of E42;
(2) A ﬂat marginally trapped surface deﬁned by
L(x, y) = 1√
2
(
f (x) + xy + k(y), x+ y, x− y, f (x) + xy + k(y)),
for some function f (x) and k(y);
(3) A ﬂat marginally trapped surface deﬁned by
L(x, y) = z(x)y + w(x),
where z(x) is a null curve in the light cone LC and w(x) is a null curve satisfying 〈z′,w ′〉 = 0 and 〈z,w ′〉 = −1 and z′′(x) +
β(x)z(x) = 0 for some function β(x);
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L(x, y) = 1
2ab
(2ab cosax cosby − sinax sinby,2ab cosax sinby + sinax cosby,
2ab cosax cosby + sinax sinby,2ab cosax sinby − sinax cosby),
with a,b > 0;
(5) A ﬂat marginally trapped surface deﬁned by
L(x, y) = 1
2ab
(2ab cosax coshby − sinax sinhby,2ab cosax sinhby + sinax coshby,
2ab cosax coshby + sinax sinhby,2ab cosax sinhby − sinax coshby),
for some positive numbers a, b;
(6) A ﬂat marginally trapped surface deﬁned by
L(x, y) = 1
2ab
(2ab coshax coshby − sinhax sinhby,2ab coshax sinhby + sinhax coshby,
2ab coshax coshby + sinhax sinhby,2ab coshax sinhby − sinhax coshby),
for some positive numbers a, b;
(7) A ﬂat marginally trapped surface deﬁned by
L(x, y) = z(y) cosax+ w(y) sinax,
where a is a positive number and z, w are null curves lying in the light cone LC satisfying 〈z,w〉 = z′′ + δz = w ′′ + δw = 0 and
〈z,w ′〉 = a−1 for some nonconstant function δ(y);
(8) A ﬂat marginally trapped surface deﬁned by
L(x, y) = z(y) coshax+ w(y) sinhax,
where a is a positive number and z, w are null curves lying in the light cone LC satisfying 〈z,w〉 = z′′ + δz = w ′′ + δw = 0 and
〈z,w ′〉 = a−1 for some nonconstant function δ(y);
(9) A ﬂat marginally trapped surface lying in light cone LC deﬁned by
L(x, y) = u(x) ∗ z(y) + v(x) ∗ w(y),
where u, v, z, w are curves in E42 satisfying u
′′ +βu = v ′′ +βv = z′′ +δz = w ′′ +δw = 0 and 〈u′ ∗ z+ v ′ ∗w,u ∗ z′ + v ∗w ′〉 =
−1 for some functions β(x) and δ(y);
(10) A nonﬂat surface lying in S32(r
2) for some r > 0 such that the mean curvature vector H ′ of M in S32(r2) satisﬁes 〈H ′, H ′〉 = −r2;
(11) A nonﬂat surface lying in the hyperbolic H31(−r2) for some r > 0 such that the mean curvature vector H ′ of M in H31(−r2)
satisﬁes 〈H ′, H ′〉 = r2;
(12) A ﬂat surface
L(u, v) =
(
1
2
√
2
cos2
√
2u,
1
2
√
2
sin2
√
2u, v,0
)
,
which lies in E32 of E
4
2;
(13) A ﬂat surface
L(u, v) =
(
0,u,
1
2
√
2
cos2
√
2v,
1
2
√
2
sin2
√
2v
)
,
which lies in E31 of E
4
2;
(14) A ﬂat surface
L(u, v) =
(
1√
2(a + 1) cos
√
2(a + 1)u, 1√
2(a + 1) sin
√
2(a + 1)u,
1√
2(a − 1) cos
√
2(a − 1)v, 1√
2(a − 1) sin
√
2(a − 1)v
)
,
which lies in S32 of E
4
2 for a > 0 and in H
3
1 of E
4
2 for a < 0;
(15) A nonﬂat CMC surface lying in S32(r
2) of E42 such that the mean curvature vector H
′ of M in S32(r2) satisﬁes 〈H ′, H ′〉 = −r2 − 2a,
where a is a nonzero real number satisfying a > −r2/2;
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r2 − 2a, where a is a nonzero real number satisfying a < r2/2;
(17) A nonﬂat CMC surface lying in E32 of E
4
2;
(18) A nonﬂat CMC surface lying in E31 of E
4
2;
(19) A nonﬂat surface deﬁned by
L(x, y) = 1
x+ y u(y) + v(y),
where u(y) is a curve lying in the light cone LC and v(y) is a null curve satisfying 〈u′, v ′〉 = 0, 〈u′,u′〉 = −2/a and 〈u, v ′〉 =
−1/a for a negative real number a;
(20) A nonﬂat surface deﬁned by
L(x, y) = 1
x− y u(y) + v(y),
where u(y) is a curve lying in the light coneLC and v(y) is a null curve satisfying 〈u′, v ′〉 = 0, 〈u′,u′〉 = −2/a and 〈u, v ′〉 = 1/a
for a positive real number a;
(21) A nonﬂat CMC surface lying in light cone LC deﬁned by
L(x, y) = 1
x+ y
(
u(x) ∗ z(y) + v(x) ∗ w(y)),
where u, v, z, w are curves in E42 satisfying u
′′ − c1u = v ′′ − c1v = z′′ − c2z = w ′′ − c2w = 0 and 〈u′ ∗ z+ v ′ ∗ w,u ∗ z′ + v ∗
w ′〉 = 1/a for functions c1(x), c2(y) and negative real number a;
(22) A nonﬂat CMC surface lying in light cone LC deﬁned by
L(x, y) = 1
x− y
(
u(x) ∗ z(y) + v(x) ∗ w(y)),
where u, v, z, w are curves in E42 satisfying u
′′ − c3u = v ′′ − c3v = z′′ − c4z = w ′′ − c4w = 0 and 〈u′ ∗ z+ v ′ ∗ w,u ∗ z′ + v ∗
w ′〉 = −1/a for functions c3(x), c4(y) and positive real number a.
In the statements above, the surfaces given by types of (2)–(11) are marginally trapped; the surfaces given by types of (12)–(22)
are the surfaces with 〈H, H〉 
= 0.
Remark 4.4. The ﬂat marginally trapped surface M of type (2) of Theorem 4.3 has the metric tensor g = −dxdy. Then the
mean curvature vector H of M is given by
H = −Lxy = − 1√
2
(1,0,0,1).
Assume ϕ(x, y) = f (x) + xy + k(y). According to the condition L = −2H , we have ϕ = 2. Moreover, M can be parame-
terized as
L(u, v) = (ϕ(u, v),u, v,ϕ(u, v)).
Theorem 4.5. Let L : M → LC ⊂ E42 be an isometric immersion of a Lorentzian surface M into the light cone LC = {y ∈ E42:
〈y, y〉 = 0}. Then M has parallel mean curvature vector in E42 if and only if M has constant Gauss curvature.
In particular, the surface is marginally trapped in E42 if and only if it is ﬂat.
Remark 4.6. The ﬂat marginally trapped surfaces of types (4)–(9) and the constant curvature surfaces of types (21), (22) of
Theorem 4.3 lie in the light cone LC of E42.
5. Marginally trapped Lorentzian surfaces with DH = 0 inEns
Marginally trapped Lorentzian surfaces with parallel mean curvature vector in E42 have been classiﬁed in [9,15]. Here we
classify marginally trapped Lorentzian surfaces in Ens with s 2 and n 5.
Theorem 5.1. Let L : M → Ens be a marginally trapped surface in a pseudo-Euclidean n-space Ens with index s  2. If M has parallel
mean curvature vector, then M is congruent to one of the following three types of surfaces:
(1) a surface given by L = ( f ,ψ, f ), where f is a function satisfying  f = b for some real number b 
= 0 and ψ : M → En−2s−1 is a
minimal immersion;
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n
s ;
(3) a ﬂat marginally trapped ruled surface in Ens given by
L(x, y) = z(y)x+ w(y),
where z(y) is a null curve in the light cone LC and w(y) is a null curve in pseudo-Euclidean space Ens satisfying 〈z′,w ′〉 = 0 and〈z,w ′〉 = −1.
Proof. Let M be a marginally trapped surface in a pseudo-Euclidean n-space Ens . Since the mean curvature vector H is a
lightlike normal vector ﬁeld, there exists another lightlike normal vector ﬁeld ξ satisfying
〈H, H〉 = 〈ξ, ξ〉 = 0, 〈H, ξ〉 = 1.
Hence, we may choose an orthonormal normal frame {e3, . . . , en} such that
e3 = 1√
2
(H + ξ), e4 = 1√
2
(H − ξ), (5.1)
〈e3, e3〉 = 1, 〈e4, e4〉 = −1, 〈er, er〉 = r, r = 5, . . . ,n;
〈es, et〉 = 0, 3 s 
= t  n. (5.2)
If we put
h(ei, e j) =
m∑
r=3
hri jer, i, j = 1,2, (5.3)
then we get
Aer = r
(−hr11 −hr12
hr12 h
r
22
)
, r = 3, . . . ,n (5.4)
where 3 = 1, 4 = −1, and 5, . . . , n = ±1. Since 〈H, er〉 = 0 for r = 5, . . . ,n, we have hr11 = hr22 from (5.4).
According to Lemma 2.2, we may choose a tangent orthonormal frame {e1, e2} satisfying (2.6) such that AH has three
types of (2.13), (2.14) and (2.15).
Case (i): AH takes the form (2.13), i.e.,
AH =
(
α 0
0 β
)
(5.5)
for some functions α and β .
It follows from (5.1) that 〈H, e3〉 = 1/
√
2 and 〈H, e4〉 = −1/
√
2. From (2.4), (5.1) and (5.4) we also have h322 = h311 +
√
2
and h422 = h411 +
√
2. Moreover, (5.1), (5.5) and (5.4) imply that h412 = h312, h411 = h311 +
√
2α and h322 = h422 +
√
2β . From these,
we ﬁnd β = −α. Consequently, we have
Ae3 =
(−h311 −h312
h312 h
3
11 +
√
2
)
, Ae4 =
(
h311 +
√
2α h312
−h312 −h311 −
√
2(1+ α)
)
, (5.6)
Aer = r
(−hr11 −hr12
hr12 h
r
11
)
, r = 5, . . . ,n. (5.7)
It follows from Lemma 2.3 that [AH , Aξ ] = 0 for any normal vector ξ . Therefore, using (5.4) and (5.5), we have αhr12 for
r = 3, . . . ,n. Hence, we have either α = β = 0 or hr12 = 0 for r = 3, . . . ,n.
Case (i.1): α = β = 0. In this case, AH = 0, which together with DH = 0 shows that H is a constant lightlike vector, say
c0 ∈ Ens . Without loss of generality, we assume c0 = − 12 (b,0,0,b) with b 
= 0. Since c0 is normal to M , we have 〈c0, x〉 =
const. After applying a suitable translation, the immersion L : M → Ens takes the form L = ( f ,ψ, f ), where ψ : M → En−1s−1 is
an isometric immersion and f is a function. Obviously, the mean curvature vector H of M in Ens satisﬁes
L = −2H = (b,0,0,b). (5.8)
From (5.8), we obtain that  f = b and ψ is a minimal immersion. This gives the case (1) of the theorem.
Case (i.2): α 
= 0 and hr12 = 0 for r = 3, . . . ,n. In this case, (5.6) and (5.7) yield
AH =
(
α 0
0 −α
)
, Aη =
(
ϕ 0
0 2− ϕ
)
, Aer = r
(−hr11 0
0 hr
)
(5.9)11
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h(e1, e1) = −ϕH + ζ, h(e1, e2) = 0, h(e2, e2) = (2− ϕ)H + ζ, (5.10)
where ζ = −αη+ e, e is a normal vector ﬁeld in Span {e5, . . . , en} and e may be vanishing. It follows from DH = 0, Codazzi
equation, (2.7) and (5.10) that
De1ζ =
(
e1(ϕ) + 2(ϕ − 1)ω(e2)
)
H − 2ω(e2)ζ, (5.11)
De2ζ =
(
e2(ϕ) + 2(ϕ − 1)ω(e1)
)
H − 2ω(e1)ζ, (5.12)
which imply that both De1ζ and De2ζ lie in the ﬁrst normal bundle of M in E
n
s . Therefore, the ﬁrst bundle of M in E
n
s ,
Span {H, ζ }, is parallel in the normal bundle. Thus, according to the Reduction Theorem, M lies in a totally geodesic aﬃne
4-space E∗ of Ens .
Since e is a normal vector ﬁeld in Span {e5, . . . , en}, ζ = −αη + e and 〈η, e〉 = 0, it follows from (5.1) that
〈H, ζ 〉 = −α, 〈ζ, ζ 〉 = 〈e, e〉. (5.13)
By applying (5.1) and (5.11)–(5.13), we have
e1α = −2αω(e2), e2α = −2αω(e1). (5.14)
Combining (5.11), (5.12) and (5.14), we have
DX ζˆ = 0, ζˆ := −(ϕ − 1)H + ζ
α
(5.15)
for every X ∈ TM . In terms of H and ζˆ , (5.10) becomes
h(e1, e1) = H + αζˆ , h(e1, e2) = 0, h(e2, e2) = −H + αζˆ . (5.16)
Moreover, (5.13) and (5.15) imply that
〈H, ζˆ 〉 = −1, 〈ζˆ , ζˆ 〉 = 2(ϕ − 1)α + 〈ζ, ζ 〉
α2
:= ρ2, (5.17)
where  = ±1 and ρ  0.
Case (i.2.1): ρ = 0, i.e., ζˆ is lightlike. In this case, the totally geodesic aﬃne 4-space E∗ of Ens is a neutral pseudo-
Euclidean space E42 of E
n
s . This gives case (2) of the theorem.
Case (i.2.2):  = 1 and ρ > 0, i.e., ζˆ is spacelike. It follows from (5.17) that〈
ρH + ζˆ
ρ
,ρH + ζˆ
ρ
〉
= −1,
〈
ρH + ζˆ
ρ
,
ζˆ
ρ
〉
= 0,
〈
ζˆ
ρ
,
ζˆ
ρ
〉
= 1. (5.18)
Hence {ρH + ζˆρ , ζˆρ } forms an orthonormal normal frame. We conclude that the totally geodesic aﬃne 4-space E∗ is also a
neutral pseudo-Euclidean space E42 of E
n
s . This also gives case (2) of the theorem.
Case (i.2.3):  = −1 and ρ > 0, i.e., ζˆ is timelike. It also follows from (5.17) that〈
ρH − ζˆ
ρ
,ρH − ζˆ
ρ
〉
= 1,
〈
ρH − ζˆ
ρ
,
ζˆ
ρ
〉
= 0,
〈
ζˆ
ρ
,
ζˆ
ρ
〉
= −1. (5.19)
Hence, {ρH − ζˆρ , ζˆρ } forms an orthonormal normal frame. A similar argument as Case (i.2.2) gives case (2) as well.
Case (ii): AH takes the form (2.14), i.e.,
AH =
(
α β
−β α
)
(5.20)
for some functions α, β and β 
= 0.
It follows from (5.1) that 〈H, e3〉 = 1/
√
2 and 〈H, e4〉 = −1/
√
2. From (2.4), (5.1) and (5.4) we also have h322 = h311 +
√
2
and h422 = h411 +
√
2. Moreover, (5.1), (5.4) and (5.20) imply that h412 = h312 +
√
2β , h411 = h311 +
√
2α and h322 = h422 +
√
2α.
From these, we ﬁnd α = 0. Consequently, we have
Ae3 =
(−h311 −h312
h312 h
3
11 +
√
2
)
, Ae4 =
(
h311 h
3
12 +
√
2β
−h312 −
√
2β −h311 −
√
2
)
, (5.21)
Aer = r
(−hr11 −hr12
hr hr
)
, r = 5, . . . ,n. (5.22)12 11
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hr22) = 0 for r = 3, . . . ,n. Since β 
= 0 and hr11 = hr22 for r = 5, . . . ,n, we have hr11 = hr22 = 0 for r = 5, . . . ,n. Meanwhile,
h322 = h311 +
√
2 implies that h311 = − 1√2 . Consequently, (5.21) and (5.22) reduce to
AH =
(
0 β
−β 0
)
, Aη =
(
1 −ϕ
ϕ 1
)
, Aer = r
(
0 −hr12
hr12 0
)
(5.23)
for r = 5, . . . ,n and ϕ = β + √2h312. From (2.3), (5.1), (5.2) and (5.23), we have
h(e1, e1) = −H, h(e1, e2) = ϕH + ζ, h(e2, e2) = H, (5.24)
where ζ = −βη + e, e is a normal vector ﬁeld in Span {e5, . . . , en} and e may be vanishing. It follows from DH = 0, (2.7)
and (5.24) that Codazzi equation reduces to
De1ζ = −
(
e1(ϕ) + 2ϕω(e2)
)
H − 2ω(e2)ζ, (5.25)
De2ζ = −
(
e2(ϕ) + 2ϕω(e1)
)
H − 2ω(e1)ζ, (5.26)
which imply that both De1ζ and De2ζ lie in the ﬁrst normal bundle of M in E
n
s . Therefore, the ﬁrst bundle of M in E
n
s ,
Span {H, ζ }, is parallel in the normal bundle. Thus, according to the Reduction Theorem, M lies in a totally geodesic aﬃne
4-space E∗ of Ens .
Since ζ = −βη + e, e is a normal vector ﬁeld in Span {e5, . . . , en} and 〈η, e〉 = 0, it follows from (5.1) that
〈H, ζ 〉 = −β, 〈ζ, ζ 〉 = 〈e, e〉. (5.27)
By applying (5.1) and (5.25)–(5.27), we have
e1β = −2βω(e2), e2β = −2βω(e1). (5.28)
Combining (5.25), (5.26) and (5.28), we have
DX ζˆ = 0, ζˆ := ϕH + ζ
β
(5.29)
for every X ∈ TM . In terms of H and ζˆ , (5.24) becomes
h(e1, e1) = −H, h(e1, e2) = βζˆ , h(e2, e2) = H . (5.30)
Moreover, (5.27) and (5.29) imply that
〈H, ζˆ 〉 = −1, 〈ζˆ , ζˆ 〉 = −2ϕβ + 〈ζ, ζ 〉
β2
:= ρ2 (5.31)
for  = ±1 and ρ  0. After considering the type of normal vector ζˆ , a completely similar argument as Case (i.2) gives case
(2) of theorem as well.
Case (iii.1): AH takes the ﬁrst form of (2.15), i.e.,
AH =
(
α 1
−1 α + 2
)
(5.32)
for some function α. Since Lemma 2.3 implies that [AH , Aξ ] = 0, it follows from (5.4) and (5.32) that
hr22 + hr11 + 2hr12 = 0, r = 3, . . . ,n. (5.33)
Since hr11 = hr22 for r = 5, . . . ,n, it follows from (5.33) that hr11 = −hr12 for r = 5, . . . ,n. On the other hand, using (2.4),
(5.1)–(5.3) and (5.32), we have
h322 =
√
2+ h311, h422 =
√
2+ h411, (5.34)
h411 − h311 = α
√
2, h412 − h312 =
√
2, h322 − h422 =
√
2(α + 2). (5.35)
Combining (5.34), (5.35) with (5.33) gives α = −1 and
Ae3 =
( −h311 h311 + √22
−h311 −
√
2
2 h
3
11 +
√
2
)
, Ae4 =
(
h311 −
√
2 −h311 +
√
2
2
h311 −
√
2
2 −h311
)
, (5.36)
Aer = r
(−hr11 hr11−hr hr
)
, r = 5, . . . ,n. (5.37)11 11
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h(e1, e1) = (ϕ − 1)H + ζ, h(e1, e2) = −ϕH − ζ, h(e2, e2) = (ϕ + 1)H + ζ, (5.38)
where ϕ = √2h311, ζ = η + e, e is a normal vector ﬁeld in Span {e5, . . . , en} and e may be vanishing. It follows from (2.7)
and (5.38) that Codazzi equation reduces to
De1ζ + De2ζ = −
(
e1(ϕ) + e2(ϕ)
)
H − 2(ω(e1) +ω(e2))(ϕH + ζ ). (5.39)
Since 〈H, ζ 〉 = 1, it follows from DH = 0 that 〈DXζ, H〉 = 0 for any X ∈ TM . Therefore Eq. (5.39) implies that
ω(e1) +ω(e2) = 0. (5.40)
If we put
eˆ1 = e1 + e2√
2
, eˆ2 = e1 − e2√
2
, (5.41)
then {e1, e2} forms a pseudo-orthonormal frame. From (2.7) and (5.40), we have
∇eˆ1 eˆ1 = ∇eˆ1 eˆ2 = 0, ∇eˆ2 eˆ1 = ωˆ2eˆ1, ∇eˆ2 eˆ2 = −ωˆ2eˆ2 (5.42)
for ωˆ2 = ω(eˆ2). It follows from (5.42) that there exists a function f such that [ f eˆ1, eˆ2] = 0 if and only if f satisﬁes
eˆ2( f ) + f ωˆ2 = 0. (5.43)
Therefore there exist local coordinates { ∂
∂x ,
∂
∂ y } such that
f eˆ1 = ∂
∂x
, eˆ2 = ∂
∂ y
. (5.44)
Since 〈H, ζ 〉 = 1, it follows from (5.38) and Gauss equation that the Gauss curvature satisﬁes K = 0. On the other hand, by
the deﬁnition of curvature tensor, from (5.42)–(5.44), we obtain
(ln f )xy = 0. (5.45)
Solving (5.45) gives f (x, y) = f1(x) f2(y) for some functions f1 and f2. By (5.43) and (5.44), without loss of generality, we
may assume f = f (y). Therefore the metric tensor of M is given by
g = − f (y)dxdy. (5.46)
Hence, the Levi-Civita connection satisﬁes
∇ ∂
∂x
∂
∂x
= 0, ∇ ∂
∂x
∂
∂ y
= 0, ∇ ∂
∂ y
∂
∂ y
= f
′
f
∂
∂ y
. (5.47)
Moreover, it follows from (5.38), (5.41) and (5.44) that
h
(
∂
∂x
,
∂
∂x
)
= 0, h
(
∂
∂x
,
∂
∂ y
)
= − f H, h
(
∂
∂ y
,
∂
∂ y
)
= 2(ϕH + ζ ). (5.48)
It follows from (5.47), (5.48) and Gauss formula (2.1) that the immersion L satisﬁes
Lxx = 0, Lxy = − f H, L yy = f
′
f
L y + 2(ϕH + ζ ). (5.49)
Solving the ﬁrst equation of (5.49) gives
L(x, y) = z(y)x+ w(y). (5.50)
It follows from the second equation of (5.49) that 〈z′, z′〉 = 0. Moreover, it follows from (5.46) that 〈z, z〉 = 〈z′,w ′〉 =
〈w ′,w ′〉 = 0 and 〈z,w ′〉 = − f , which can be reparameterized such that 〈z,w ′〉 = −1. Hence we obtain the case (3) of
the theorem.
Case (iii.2): AH takes the second form of (2.15), i.e.,
AH =
(
α 1
−1 α − 2
)
(5.51)
for some function α. A completely similar argument as Case (iii.1) yields case (3) of the theorem as well. This completes
the proof of Theorem 5.1. 
Remark 5.2. By the procedure of the proof, since 〈H, ζ 〉 = −1 and the mean curvature vector H is lightlike in Cases (i)
and (ii), we conclude that M lies in a pseudo-Euclidean 4-space, not in R4i,1 ⊂ E5i+1 for i = 1 or 2.
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In the following, we give our main classiﬁcation theorem of Lorentzian surfaces with parallel mean vector in pseudo-
Euclidean space Ens with arbitrary index and codimension (1 s < n).
Theorem 6.1. Let L : M → Ens be a Lorentzian surface in a pseudo-Euclidean n-space Ens with index s  1. If M has parallel mean
curvature vector, then M is congruent to one of the following seventeen types of surfaces:
(1) a minimal translation surface in Ens deﬁned by
L(x, y) = α(x) + β(y),
where α(x) and β(y) are two null curves in the pseudo-Euclidean space Ens satisfying 〈α′(x), β ′(y)〉 
= 0;
(2) a minimal surface of a pseudo-Riemannian (n − 1)-sphere Sn−1s (r2) ⊂ Ens with r > 0;
(3) a minimal surface of a pseudo-hyperbolic (n − 1)-space Hn−1s−1 (−r2) ⊂ Ens with r > 0;
(4) a CMC surface of a Minkowski 3-space E31 ⊂ Ens ;
(5) a CMC surface of a pseudo-Euclidean 3-space E32 ⊂ Ens ;
(6) a CMC surface of a de Sitter 3-space S31(r
2) ⊂ E41 ⊂ Ens with r > 0;
(7) a CMC surface of a hyperbolic 3-space H32(−r2) ⊂ E43 ⊂ Ens with r > 0;
(8) a CMC surface of a 3-sphere S32(r
2) ⊂ E42 ⊂ Ens with r > 0;
(9) a CMC surface of an anti-de Sitter 3-space H31(−r2) ⊂ E42 ⊂ Ens with r > 0;
(10) a surface with constant Gauss curvature in the light cone LC ⊂ E42 ⊂ Ens ;
(11) a marginally trapped surface given by L = ( f ,ψ, f ), where f is a function satisfying  f = b for some real number b 
= 0 and
ψ : M → En−2s−1 is a minimal immersion;
(12) a surface given by L = ( f ,ψ, f ), where f is a function satisfying  f = k for some real number k 
= 0 and ψ : M → E31 ⊂ En−2s−1
is a CMC surface;
(13) a surface given by L = ( f ,ψ, f ), where f is a function satisfying  f = k for some real number k 
= 0 and ψ : M → E32 ⊂ En−2s−1
is a CMC surface;
(14) a nonﬂat surface lying in S32(r
2) for some r > 0 such that the mean curvature vector H ′ of M in S32(r2) satisﬁes 〈H ′, H ′〉 = −r2;
(15) nonﬂat surface lying in the hyperbolic H31(−r2) for some r > 0 such that the mean curvature vector H ′ of M in H31(−r2) satisﬁes
〈H ′, H ′〉 = r2;
(16) a ﬂat marginally trapped ruled surface in Ens given by
L(x, y) = z(y)x+ w(y),
where z(y) is a null curve in the light cone LC and w(y) is a null curve in pseudo-Euclidean Ens satisfying 〈z′,w ′〉 = 0 and〈z,w ′〉 = −1;
(17) a nonﬂat constant Gauss curvature surface in Ens given by
L(x, y) = h
′(y)
λ(g(x) + h(y))u(y) + v(y),
where λ is a nonzero constant, g(x) and h(y) are nonzero differentiable functions satisfying g′(x)h′(y) 
= 0, u(y) is a unit speed
curve in the light cone LC and v(y) is a null curve in pseudo-Euclidean space Ens satisfying 〈u′, v ′〉 = 0 and 〈u, v ′〉 = −1.
In the statements above, E ji (i = 1,2,3 and j = 3,4,5) are embedded in Ens as totally geodesic submanifolds in standard way.
Proof. Let M be a Lorentzian surface with parallel mean curvature vector in a pseudo-Euclidean space Ens . Then 〈H, H〉 is
constant and one of the following three cases occurs:
(1) H = 0;
(2) H is lightlike;
(3) 〈H, H〉 is nonzero constant.
If H = 0, then according to Theorem 3.1, we get case (1). If H is lightlike, then according to Theorems 4.3, 4.5, and 5.1,
Remarks 4.4 and 4.6, we obtain a special case of (10) and as well as cases (11), (14)–(16).
Assume 〈H, H〉 is a nonzero constant. Let e3 be a unit normal vector ﬁeld parallel to H such that 〈e3, e3〉 = 3 with
3 = 1 or 3 = −1, depending on H is spacelike or timelike, respectively. Let us choose a pseudo-orthonormal normal frame
{e3, e4, . . . , en} such that
H = 3λe3, 〈es, et〉 = sδst, s = ±1, s, t = 3, . . . ,n (6.1)
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Aer = r
(−hr11 −hr12
hr12 h
r
11
)
, r = 4, . . . ,n. (6.2)
According to Lemma 2.2, we may choose orthonormal tangent frame {e1, e2} satisfying (2.6) such that Ae3 has three types
of (2.13), (2.14) and (2.15).
Case (i): Ae3 takes the form (2.13), i.e.,
Ae3 =
(
α 0
0 β
)
(6.3)
for some functions α and β . From (6.1), we have β = 2λ − α. By applying [AH , Aξ ] = 0 of Lemma 2.3, we have either
α = β = λ or hr12 = 0 for r = 4, . . . ,n.
If α = β = λ holds on M , then Ae3 = λI . Since De3 = 0, it follows that x+ e3/λ is a constant vector, say c0 ∈ Ens . Without
loss of generality, we may choose c0 to be the origin of Ens . Thus, we have
〈x, x〉 = 3
λ2
. (6.4)
If e3 is spacelike, Eq. (6.4) implies that M is immersed in the pseudo-Riemannian (n − 1)-sphere Sn−1s (λ2). Since the mean
curvature vector H is normal to Sn−1s (λ2), M is a minimal surface in Sn−1s (λ2). This gives case (2).
Similarly, if e3 is timelike, we have the case (3) of the theorem.
In the following, we assume that α 
= λ and hr12 = 0 for r = 4, . . . ,n.
If hr11 = 0 for r = 4, . . . ,n, then M lies either in a totally geodesic Minkowski 3-space E31 or E32 depending on H is
spacelike or timelike. In these cases, we obtain cases (4) and (5).
Suppose h411, . . . ,h
n
11 are not all zero. Therefore, it follows from (6.1)–(6.3) that
h(e1, e1) = −3αe3 + ξ, h(e1, e2) = 0, h(e2, e2) = 3(2λ − α)e3 + ξ, (6.5)
where ξ is a normal vector ﬁeld in Span {e4, . . . , en}. It follows from De3 = 0, (2.7) and (6.5) that Codazzi equation reduces
to
De1ξ = 3e1(α)e3 − 2ω(e2)
(
3(λ − α)e3 + ξ
)
, (6.6)
De2ξ = 3e2(α)e3 − 2ω(e1)
(
3(λ − α)e3 + ξ
)
, (6.7)
which implies that both De1ξ and De2ξ lie in the ﬁrst normal bundle of M in E
n
s . Therefore, the ﬁrst bundle of M in E
n
s ,
Span {e3, ξ}, is parallel in the normal bundle. According to the Reduction Theorem, M lies in a totally geodesic aﬃne 4-space
E∗ of Ens .
Case (i.1): ξ is spacelike. After applying a suitable translation on Ens , E
∗ is either a totally geodesic Minkowski 4-space
E
4
1 or a totally geodesic neutral pseudo-Euclidean 4-space E
4
2 depending on H is spacelike or timelike.
If E∗ is E41, then according to Theorem 4.1, we obtain case (6) and a special case of (4).
If E∗ is E42, then according to Theorems 4.3, 4.5 and Remark 4.6, we obtain special cases of (4), (5), (10), (17) and as well
as (8), (9).
Case (i.2): ξ is timelike. After applying a suitable translation on Ens , E
∗ is either a totally geodesic neutral pseudo-
Euclidean 4-space E42 or a totally geodesic pseudo-Euclidean 4-space E
4
3 depending on H is spacelike or timelike.
If E∗ is E42, then according to Theorems 4.3, 4.5 and Remark 4.6, we also obtain special cases of (4), (5), (10), (17) and
as well as (8), (9).
If E∗ is E43, then according to Theorem 4.2, we obtain case (7) and a special case of (5).
Case (i.3): ξ is lightlike. In this case, the induced metric on E∗ is either a totally geodesic R41,1 or a totally geodesic R42,1
depending on H is spacelike or timelike.
If E∗ is R41,1, then according to Lemma 2.4, we obtain case (12) and a special case of (11).
If E∗ is R42,1, then according to Lemma 2.4, we obtain case (13) and a special case of (11).
Case (ii): Ae3 takes the form (2.14), i.e.,
Ae3 =
(
α β
−β α
)
(6.8)
for some functions α, β and β 
= 0. From (6.1), we have α = λ. Since β 
= 0, it follows from (6.2), (6.8) and [AH , Aξ ] = 0 of
Lemma 2.3 that hr11 = 0 for r = 4, . . . ,n.
If hr12 = 0 for r = 4, . . . ,n, then M lies either in a totally geodesic Minkowski 3-space E31 or E32 depending on H is
spacelike or timelike. In these cases, we also obtain cases (4) and (5).
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n
12 are not all zero. Therefore, it follows from (6.1), (6.2) and (6.8) that
h(e1, e1) = −3λe3, h(e1, e2) = −3βe3 + ξ, h(e2, e2) = 3λe3, (6.9)
where ξ is a normal vector ﬁeld in Span {e4, . . . , en}. It follows from De3 = 0, (2.7) and (6.9) that Codazzi equation reduces
to
De1ξ = 3e1(β)e3 − 2ω(e2)(−3βe3 + ξ), (6.10)
De2ξ = 3e2(β)e3 − 2ω(e1)(−3βe3 + ξ), (6.11)
which implies that both De1ξ and De2ξ lie in the ﬁrst normal bundle of M in E
n
s . Therefore, the ﬁrst bundle of M in E
n
s ,
Span {e3, ξ}, is parallel in the normal bundle. According to the Reduction Theorem, M lies in a totally geodesic aﬃne 4-
space E∗ of Ens . By a completely similar argument as Cases (i.1)–(i.3), we also obtain cases (6)–(9), (12), (13) and special
cases of (4), (5), (10), (11), (17).
Case (iii.1): Ae3 takes the ﬁrst form of (2.15), i.e.,
Ae3 =
(
α 1
−1 α + 2
)
(6.12)
for some function α. From (6.1), we have 2α + 2= 2λ 
= 0, which implies that α 
= −1. From (6.2) and (6.12), it follows that
[AH , Aξ ] = 0 of Lemma 2.3 reduces to hr11 + hr12 = 0 for r = 4, . . . ,n. Therefore (6.2) becomes
Aer = r
(−hr11 hr11−hr11 hr11
)
, r = 4, . . . ,n. (6.13)
If hr11 = 0 for r = 4, . . . ,n, then M lies either in a totally geodesic Minkowski 3-space E31 or E32 depending on H is spacelike
or timelike. This gives cases (4) and (5).
If h411, . . . ,h
n
11 are not all zero. Then, it follows from (2.3), (6.12) and (6.13) that
h(e1, e1) = −3αe3 + ξ, h(e1, e2) = −3e3 − ξ, h(e2, e2) = 3(α + 2)e3 + ξ. (6.14)
It follows from (6.14) and Gauss equation that the Gauss curvature K is given by
K = 3(α + 1)2 = 〈H, H〉,
which implies that K is constant. It follows from DH = 0, (2.7) and (6.14) that Codazzi equation reduces to
De1ξ + De2ξ = −2
(
ω(e1) +ω(e2)
)
(3e3 + ξ). (6.15)
Since 〈e3, ξ〉 = 0 and De3 = 0, we have 〈e3, DXξ〉 = 0 for any X ∈ TM . Hence, Eq. (6.15) yields
ω(e1) +ω(e2) = 0. (6.16)
If we put
eˆ1 = e1 + e2√
2
, eˆ2 = e1 − e2√
2
, (6.17)
then {e1, e2} forms a pseudo-orthonormal frame. From (2.7), (6.16) and (6.17), we have
∇eˆ1 eˆ1 = ∇eˆ1 eˆ2 = 0, ∇eˆ2 eˆ1 = ωˆ2eˆ1, ∇eˆ2 eˆ2 = −ωˆ2eˆ2 (6.18)
for ωˆ2 = ω(eˆ2). Then there exists a function f such that [ f eˆ1, eˆ2] = 0 if and only f satisﬁes
eˆ2( f ) + f ωˆ2 = 0. (6.19)
Therefore there exist local coordinates { ∂
∂x ,
∂
∂ y } such that
f eˆ1 = ∂
∂x
, eˆ2 = ∂
∂ y
. (6.20)
Moreover, the metric tensor is given by
g = − f (x, y)dxdy. (6.21)
Hence, the Levi-Civita connection satisﬁes
∇ ∂
∂x
∂ = fx ∂ , ∇ ∂
∂x
∂ = 0, ∇ ∂
∂ y
∂ = f y ∂ . (6.22)
∂x f ∂x ∂ y ∂ y f ∂ y
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h
(
∂
∂x
,
∂
∂x
)
= 0, h
(
∂
∂x
,
∂
∂ y
)
= −3(α + 1) f e3, h
(
∂
∂ y
,
∂
∂ y
)
= 2(3e3 + ξ). (6.23)
From (2.3), (6.15), (6.21) and (6.23) we obtain that
∇˜ ∂
∂x
e3 = −(α + 1) ∂
∂x
, ∇˜ ∂
∂ y
e3 = 2
f
∂
∂x
− (α + 1) ∂
∂ y
, ∇˜ ∂
∂x
ξ = 0. (6.24)
It follows from (6.22), (6.23) and Gauss formula (2.1) that the immersion L satisﬁes
Lxx = fx
f
Lx, Lxy = −3(α + 1) f e3, L yy = f y
f
L y + 2(3e3 + ξ). (6.25)
By (6.24), the compatibility condition of this system (6.25) is given by Poisson equation:
(ln f )xy = 3(α + 1)2 f . (6.26)
The solution of this nonlinear hyperbolic equation is given by
f (x, y) = 23g
′(x)h′(y)
(α + 1)2(g(x) + h(y))2 , (6.27)
where α 
= −1, g(x) and h(y) are nonzero differentiable functions satisfying g′(x)h′(y) 
= 0.
Substituting Eq. (6.27) into the ﬁrst equation of (6.25) and solving it yield
L(x, y) = − 23h
′(y)
(α + 1)2(g(x) + h(y))u(y) + v(y) (6.28)
for space curves u(y) and v(y) in Ens . It follows from (6.21) and the second equation of (6.25) that
〈u,u〉 = 〈u′, v ′〉= 〈v ′, v ′〉= 0, 〈u′,u′〉= 3(α + 1)2, 〈u, v ′〉= −1. (6.29)
After rechoosing parameter, we obtain case (17).
Case (iii.2): Ae3 takes the second form of (2.15), i.e.,
Ae3 =
(
α 1
−1 α − 2
)
(6.30)
for some function α. Similarly, we also obtain cases (4), (5) and (17). This completes the proof of Theorem 6.1. 
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